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1. The attempts to extend the theorem of Desargues to a space of 
three or more dimensions have a long history. In Sa we have to consider 
two tetrahedra, A (with vertices At and opposite faces 1Xt) and B (with 
vertices Bt and faces f3t, i= l, 2, 3, 4). If At and Bt are different points 
and IXt and f3t different planes we study the configuration of the four 
lines lt = AiBi and the four lines St = iXi{lt,. PoNCELET [l] considered an 
analogy of the theorem of Desargues which seems most evident and he 
proved: if the lines lt pass through one point the lines St are on one plane. 
But this is only a special case of a theorem of CHASLES [2] who showed: 
if the lines lt are a hyperboloidal quadruplet the same is true for the 
lines St. This statement may be considered as a satisfying extension of 
the theorem of Desargues for the following reason. If in a plane two 
triangles A1A2Aa and B1B2Ba are reciprocally polar with respect to a 
conic, f3t being the polar line of At etc., they build up a Desargues con-
figuration and inversely. In Sa we have the analogy: if the tetrahedra 
A and Bare reciprocally polar with respect to a quadric the lines lt (and 
therefore the lines si) are a hyperboloidal quadruplet and inversely. 
The theorems of Poncelet and Chasles may be extended to Sn. The 
wording of the former is obvious. For the theorem of Chasles we must 
extend the notion of four hyperboloidal lines to that of n + l lines in 
Schafli-position, which means that the lines li (i= l, ... , n+ l) have the 
property that every Sn-2 which meets n of them meets the remaining 
one also. The dual configuration is that of n+ l spaces Sn-2 in Schlafli-
position. (For n=4 we have the five associated lines or five associated 
planes introduced by C. Segre.) Now the extension of the theorem of 
Desargues to Sn reads: if two simplices A and B are given, lt ( i = l, ... , n + l) 
joins the vertices At and Bt and St is the (n-2)-dimensional intersection 
of IXt and {h, then if lt are in Schlafli-position the same is true for St. This 
theorem was first proved by BERZOLARI [3] and is often called the Schlafli-
Berzolari theorem. The analogy is complete if we add that the two 
simplices are reciprocally polar with respect to a quadric and inversely. 
In view of what has been said the conjecture may arise whether there 
is a theorem which reads: if, two simplices A and B being given, the 
n + l lines z, have any particularity whatever the configuration of the St 
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has "the same" particularity. As far as we know the first who considered 
the problem from this point of view was F. SCHUR [4], (restricting himself 
to n = 3) in whose opinion Chasles' theorem did not point out the ess.:mce 
of the configuration and who proved the following statement: there is a 
one to one correspondence between the set of lines which meet lt and 
the set of lines which meet St. Obviously the theorems of Poncelet and 
of Chasles are special cases of Schur's theorem; another special case, 
explicitly mentioned by him is: if the lt are a parabolic quadruplet (that 
is: having only one transversal) then the same is true for St. 
The next step in the development (always for n = 3) was made by 
STUDY (in 1900) whose investigations about projective properties of four 
skew lines in space are well-known. First of all he gave a refinement of 
Chasles' theorem: if lt (and therefore St) is a hyperboloidal quadruplet 
then the cross ratio of the z, on their regulus is equal to that of the St 
on theirs. But moreover he proved what will be called the theorem of 
Study: if A and B are arbitrary tetrahedra the quadruplets lt anu St 
are (in general) proiective [5], the restriction "in general" meaning that 
the quadruplets are supposed to consist of mutually skew lines. The 
theorem includes, of course, (for n=3) the theorems mentioned above. 
In view of the extensions of Desargues' theorem for arbitrary values 
of n one would conjecture that Study's theorem is valid in 8n. This 
would mean that, if A and B are two simplices, the configuration of 
the lines lt is projective to that of the (n- 2)-dimensional spaces St, hence 
that there is a reciprocity (or correlation) transforming the lt, respectively, 
into the St. Rather unexpectedly however this is not true: B. SEGRE [6] 
proved recently that it is impossible to extend Study's theorem to 84. 
He did so by giving a counter-example: the configuration of two simplices, 
defined by the numerical values of the coordinates of their vertices, and 
such that the reciprocity mentioned above can be proved not to exist. 
We want to make some remarks on Segre's result. Accepting the 
negative fact that in 84 the configuration lt (i= 1, ... , 5) is not projective 
with the St, but keeping in mind that for n = 3 a complete projective 
equivalence exists so that we may expect that for n = 4 there must be 
some relation between the figures, we investigate the projective properties 
of both in order to determine in how far they differ or in how far they 
are, perhaps, the same. We do so by studying the proiective invariants 
of lt and those of St. 
A complete system of invariants for five lines in 84 (and therefore for 
the dualistic figure of five planes) was given, in a formal way, by 
WEITZENBOCK [7]. It turned out that there are two types of invariants. 
For the first type all lines play a part and furthermore these invariants 
are dependent on six suitably chosen ones among them. We proved at 
that time [8] that by means of these first type invariants five independent 
absolute invariants can be built up which have a rather simple geometrical 
meaning. We shall call them the (absolute) invariants of the first kind. 
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There are in 84 invariants for only four lines, a configuration which 
has, by the way, no absolute invariants. By taking each time four out 
of five given lines, however, it is possible to construct absolute invariants 
for the quintuplet, which shall be denoted as invariants of the second kind. 
We shall prove below that the number of absolute invariants we need 
to give a complete projective description of a quintuplet of lines equals 
six. Hence those of the first kind are not sufficient to do so and for questions 
of projective equivalence those of the second kind must be taken into 
account. 
As a counter-part of Segre's theorem we shall prove the positive 
statement: the invariants of the first kind of the quintuplet of lines li = AiBi 
are equal to the corresponding invariants of the quintuplet of planes 
Si = r:xi(lt. For the impossibility to extend Study's theorem to 84 the 
invariants of the second kind are therefore the guilty party. As those 
of the first kind cover five of the six necessary invariants one could say 
(in a highly unmathematical way) that the theorem is not so very far 
from the truth after all. 
We finish the paper by asking the question for which special pairs of 
simplices the theorem is true. As could be expected the configuration 
has to satisfy only one condition then; we show that this has a simple 
geometrical meaning. 
2. The Weitzenbock invariants of the first type for five lines li in 84 
are denoted by Ai,Jk,rs where i, j, k, r, s is a permutation of l, 2, 3, 4, 5. 
Such an invariant, A1,23,45 for instance, is defined as follows. If f3tJ and 
Yii are the Plucker coordinates of l2 and l3 the three dimensional space 
823 through these lines has the equation Ix1{J23)'45 = 0; in an analogous 
way we determine the equation of 845· The plane of intersection of the 
two spaces has the Plucker coordinates (8z3845)iJ. If IXiJ are the coordinates 
of h then 
(l) 
which is a linear function of the coordinates of each line. 
The invariant is zero if h intersects the plane (823845). There are many 
relations between the invariants, for instance Ai,Jk,rs=Ai,k},rs= -At,rs,Jk 
and Ai,Jk,rs+AJ,ki,rs+Ak,iJ,rs=O and it can be shown that they are 
linearly dependent on only six of them. 
We have given the following geometrical interpretation of the invariants. 
Let mrs be the transversal of li,lJ,lk; nr8 that of lr,ls and mr8 ; Pi,rs,PJ,rs,Pk,rs 
and Prs the points of intersection of mrs and li, lh lk and nrs respectively, 
then the cross-ratio of the four points P is equal to 
(2) Ai,Jk,rs 
Ak,ij,rs • 
Hence a geometrical meaning is found for the absolute invariant which 
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is the ratio of two A's which have a pair of indices in common. Other 
absolute invariants such as 
At,jk,rs d At,kj,rs 
A an A j,rk,is i,rj,ks 
can be shown to be the product of two or three cross-ratios just mentioned. 
All absolute invariants of the first kind are dependent on five of them. 
If in the expressions A we make two indices the same, the result is 
not always zero. Invariants of the second type appear such as At,ik,rk 
which belong to four lines. (We remark that At,Jk,rk=At,rk,tk=Ar,tk,Jk), 
They are linear in three of them and quadratic in the fourth. We can 
now build up absolute invariants for five lines such as 
A1,2a,24 · As,a4,32 
As,2a,24 · A1,a4,a2 
(3a) 
which contains four invariants of the second type, or 
A1,24,34 · As,12,1a 
A2,a1,41 · As,ls,24 
(3b) 
which is composed of one invariant of the first type and three of the 
second. All these absolute invariants will be called of the second kind. 
3. We may study the projective properties of five lines in S4 without 
the general theory of invariants, but by the more elementary method 
of choosing a suitable coordinate system for the configuration. We consider 
the four lines Zt, Z2, Z3 and l4 and the six three-dimensional spaces (ltlt)· 
In general, no five of them will be linearly dependent. If this is assumed 
to be the case we take five of them to be the faces of the fundamental 
simplex and the sixth to be the unit space, so that a projective coordinate 
system is fully and uniquely determined. Take for instance (l1Z2), (hls), 
(hl4), (Z2Zs), (~l4) and (lal4) as the spaces with respectively the equations 
X1=0, X2=0, xa=O, X4=0, xs=O and X1 +x2+xs+x4+Xs=O. It is now 
obvious that the Plucker coordinates Pti of the fifth line Zs with respect 
to this frame establish a complete system of invariants for the ordered 
quintuplet of lines lt and that their ratios are absolute invariants. There 
are ten coordinates Pt1 but (in view of the fundamental relations) the 
line is determined by seven of them, if suitably chosen, and the number 
of independent absolute invariants is therefore six. In fact each of the 
oo6 lines in s4 represents a class of projectively equivalent quintuplets. 
If the invariants Pii are given the Weitzenbock invariants can be easily 
calculated. Those of the first type are homogeneous linear functions of 
Pti· The invariants for four lines are either constants (if ls is not among 
the quadruplet), or they are of the first or the second degree in Pif. 
For the sake of completeness we express the invariants Pt1, introduced 
here, in terms of the invariants At,ik,rs of both types. We consider four 
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lines of the quintuplet, h, Z2, la and h and the six three-dimensional spaces 
(ltlJ) defined by them: S1=(hl2), S2=(hl3), S3=(lrl4), S4=(l2l3), Ss=(l2l4), 
S6=(l3 l4). Let the equation of Sk (k=l, ... , 6) be 
5 I CktXi = 0. 
i=l 
We choose a new coordinate system Yt such that the six spaces Sk obtain 
respectively the equations Yl = 0, Y2 = 0, Y3 = 0, Y4 = 0, Ys = 0, Y1 + Y2 + Y3 + 
+y4+Ys=0. Then, obviously, the transformation reads 
5 
Ak-lYk =I CktXt 
i=l 
where Ak are proportionality factors which satisfy the five equations 
Therefore Ak, apart from a numerical constant factor, is equal to the 
determinant which appears if in the 5 x 6 matrix Ckt the k-th row is 
suppressed. These determinants are invariants of the four lines and as 
WEITZENBOCK [9] has shown and can easily be verified they are the 
product of two A's. In fact we obtain 
where 
J..1 = !3!4, A2 = !4!2, A3 = /2/3 
A4 = !rl4, J..s = !1!3, J..s = !rl2 
If we add now the fifth line Zs with the x-coordinates Pti to the configuration 
then its coordinates Pt1 in the y-system are found to be 
P12 = A1A2As,12,13 = J2J3J42As,12,13 
P13 = A1A3As,12,14 = J2l3214As,12,14 
P2s = A2AsAs,13,24 = JlJ2J3J4As,l3,24· 
The ratio of two P's is an absolute invariant of the quintuplet. Observe 
that there are three types of such expressions, of which specimen are 
P2s As,13, 24 
P34 = As,14,23 
P12 A1,24,34 · As,12,13 
P2s = A2,31,41 · As,13,24 
P12 Al,24,34 · As,l2,13 
P13 = A4,13,23 · As,12,14. 
The first is an absolute invariant of the first kind, the other two are of 
the type (3b) and (3a) respectively. We obtain a complete set of absolute 
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invariants if we take the ratios of the Pti and one of them, P2s say. Hence 
we may restrict ourselves to invariants of the first kind and those of the 
form (3b). 
4. We conser now two simplices A and B in 84. The first shall be 
chosen as the coordinate simplex. Suppose that the coordinates of the 
vertex Bt are x1 = bH. The Plucker coordinates of the line lt are obviously 
as follows: 
(4) Ptk = btk (k -#- i), Pmn = 0 (m -#- i). 
We shall calculate, for instance, the invariant At,2a,4S· The equation of 
the space 823 reads 
(5) I ~:: ~: I· Xt + I ~:: ~:: I· X4 + I ~: ~:: I· xs = 0 
and that of 845: 
(6) I ::: ::: I· Xt + I ::: ::: I· X2 + I ::: ::: I· xa = 0 
and therefore, if the Plucker coordinates of the plane (82a84s) are denoted 
by :nu: 
I b2s b24l I b41 b43l :n12 = · , etc. bas ba4 bst bsa 
Hence 
I b2s At,23,4S = b12 · bas 
and if we add and subtract 
bu ·I ::: ~:: 1·1 ~:: ~:: I 
we obtain 
(7) 
bu b12 bta b b I 24 2SI A1,2a,4s = b41 b42 b4a · ba4 bas -
bst bs2 bsa 
The two terms on the righthand side are both the product of a 3 x 3 
minor of the matrix Jlbtill and its complementary 2 x 2 minor. In the 
same way all invariants At,fk,rs for which the five indices are different, 
may be expressed. 
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Now we consider invariants for which two indices are equal, for instance 
Al,a2,42· The space S24 has the equation 
(8) I~:: ~::I· X1 + I~:: ~::I· xa + I~:: ~::I· xs = 0. 
From (5) and (7) the coordinates of the plane (S2aS24) may be derived 
and from this an expression for Al,a2,42· Adding and subtracting 
bn ·I b2s b24l·l b2a 
bas ba4 b4a 
b2sl 
b45 
the result is 
b1a b1s bn 
·lb2s b241-
bl4 bn b1s 
·lb2a b2sl (9) A1,a2,42 = b2a b2s b21 b24 b21 b2s 
b4a b4s b41 bas ba4 ba4 ba1 bas b4a b4s 
and again the invariant is expressed by minors of the matrix llbt1[[. But 
there is an important difference with respect to (7), for in (9) two factors 
are not complementary minors (which would of course be impossible 
only for the simple reason that the elements bst can not appear in the 
answer). 
We now turn o~ attention to the five planes St which are the inter-
sections of the corresponding faces tXt and f3t of the two simplices. The 
invariants of this configuration, denoted by A't,Jk,rs may be found by 
the same algorithm as the At,.1k,rs provided that we operate with Sa-
coordinates instead of point coordinates. The Sa-coordinates of tXt have 
the same simple values as the point coordinates of At; those of f3t are 
the elements of a matrix [b'til which is the reciprocal of llbH[l, that means: 
b'ii is the (4 x 4) minor of btJ. 
We make use now of a theorem due to Jacobi which reads for the case 
that [btJl = [b'til = l (an unessential restriction): a minor of [[btJ[[ is equal 
to the complementary minor of the corresponding minor of [[b' 11 [[. It 
follows then at once from (7): 
(10) A1,2a,4s = A'1,2a,4s 
and more general At,Jk,rs=A't,Jk,rs if no two indices are equal. This means: 
the configurations l~: and Si have the same invariants of the first kind. 
If we apply, however, Jacobi's theorem to (9) we obtain 
b'1a b'1s b'n 
1 
b' b' 
1 ' ' ' ' 2S 24 A 1,32,42 = b 2a b 2s b 21 · b' b' -
b'43 b'4s b'41 35 a4 
= lba2 ba41· 
bs2 bs4 
= A1,as,4s, 
b'14 b'n b'1s 
1 
b' b' 
1 b' b' b' 23 25 24 21 25 . b' b' 
b' b' b' 43 4S 34 31 as 
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and more generally 
(11) A't,}k,rk = At,}s,rs 
so that the invariants of the second type for lt are in general not equal 
to the corresponding ones of St, and by giving a numerical example we 
could verify that lt and St are indeed in general not projective [10]. But 
we prefer to give a positive statement by deriving the condition for two 
simplices to satisfy in order that projectivity exists. We can restrict 
ourselves then to absolute invariants of the type (3b). Making use of 
(10) and (11) we obtain 
A'l,24,34 • A'5,21,31 
A'2,31,41 · A'5,13,24 
so that a necessary condition is 
Al,25,35 · A5,24,34 
A2, 35,45 • A5, 13, 24 
l Al,24,34 · A5,21,31 · A2,35,45 = Al,25,35 • A5,24,34 • A2,a1,41 (12) or 
A2,34,14 · A2,a1,51 · A2,35,45 = A2,35,15 · A2,34,54 · A2,31,41 
but this is according to WEITZENBOCK [11] the necessary and sufficient 
condition that five lines in S4 are on a quadric. In view of this geometric 
meaning the relation (12) remains unaltered for any permutation of the 
five lines. Therefore any invariant of the type (3b) gives rise to the same 
condition (12) which is therefore not only necessary but also sufficient 
for the projectivity of lt and St. 
Summing up we have the following theorem. If in S4 two simplices 
A and B, with vertices At and Bt and opposite Sa-faces 1Xt and f3t are given, 
we consider the five lines lt =At Bt and the five planes Si = IXt f3t· In contra-
diction to the analogous theorem of Study in S3 the configuration li is, in 
general, not projective with that of the planes St. The two configurations are 
projective if and only if the five lines lt are generators of a quadric. However, 
if this is not the case, of the six absolute invariants which describe completely 
the projective properties of the two configurations, five are the same for both. 
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